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Abstract 

We introduce the notion of strongly orthogonal set relative to an element in the sense of Birkhoff-James in 
a normed linear space to find a necessary and sufficient condition for an element x of the unit sphere Sx to be 
an exposed point of the unit ball Bx- We then prove that a normed linear space is strictly convex iff for each 
element x of the unit sphere there exists a bounded linear operator A on X which attains its norm only at the 
points of the form \x with A G Sk ■ 
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1 Introduction. 

Suppose (X, ||.||) is a normed linear space over the field K, real or complex. X is said to be strictly convex 
iff every element of the unit sphere Sx — {x G X : \\x\\ — 1} is an extreme point of the unit ball Bx = {x G 
X '■ \\x\\ < 1}. There are many equivalent characterizations of the strict convexity of a normed space, some 
of them given in [8,12] are 

(i) If x, y G Sx then we have \\x + y\\ < 2, 

(ii) Every non-zero continuous linear functional attains a maximum on atmost one point of the unit sphere, 
(ii) If \\x + y\\ = \\x\\ + \\y\\ , x ^ then y = cx for some c > 0. 
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The notion of strict convexity plays an important role in the studies of the geometry of Banach Spaces. One 

may go through [1,3-5,6-8,11-14] for more information related to strictly convex spaces. 

An element x is said to be orthogonal to y in X in the sense of Birkhoff- James [2,7,8], written as, x± B y, iff 

Ml < \\x + Xy\\ for all scalars A. 

If X is an inner product space then xJ-sy implies ||x|| < ||x + Xy\\ for all scalars A ^ 0. Motivated by this 
fact we here introduce the notion of strong orthogonality as follows: 

Strongly orthogonal in the sense of Birkhoff-James: In a normed linear space X an element x is said 
to be strongly orthogonal to another element y in the sense of Birkhoff-James, written as x J-sb y, iff 

||x|| < ||x + Xy\\ for all scalars A ^ 0. 

If x J-sb V then x J_b y but the converse is not true. In loo(R 2 ) the element (1, 0) is orthogonal to (0, 1) in 
the sense of Birkhoff-James but not strongly orthogonal. 

Strongly orthogonal set relative to an element : A finite set of elements S = {xi,X2, ■■■x n } is said 
to be a strongly orthogonal set relative to an element Xi contained in S in the sense of Birkhoff-James iff 

n 

\\Xi \\ < \\Xi + X 3 X j\\ 

whenever not all Xj's are 0. 

An infinite set of elements is said to be a strongly orthogonal set relative to an element contained in the set 
in the sense of Birkhoff-James iff every finite subset containing that element is strongly orthogonal relative 
to that element in the sense of Birkhoff-James. 

Strongly orthogonal Set: A finite set of elements {xi,x 2 , ■ ■ . x„} is said to be a strongly orthogonal set 
in the sense of Birkhoff-James iff for each i G {1, 2, . . . n} 

n 

INI < \\xi+ XjxjW 

whenever not all A/s are 0. 

An infinite set of elements is said to be a strongly orthogonal set in the sense of Birkhoff-James iff every 
finite subset of the set is a strongly orthogonal set in the sense of Birkhoff-James. 

Clearly if a set is strongly orthogonal in the sense of Birkhoff-James then it is strongly orthogonal relative to 
every element of the set in the sense of Birkhoff-James. If X has a Hamel basis which is strongly orthogonal 
in the sense of Birkhoff-James then we call the Hamel basis a strongly orthogonal Hamel basis in the sense of 
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Birkhoff- James and if X has a Hamel basis which is strongly orthogonal relative to an element of the basis in 
the sense of Birkhoff- James then we call the Hamel basis a strongly orthogonal Hamel basis relative to that 
element of the basis in the sense of Birkhoff- James. If in addition the norm of each element of a strongly 
orthogonal set is 1 then accordingly we call them orthonormal. 

As for example the set {(1, 0, . . . , 0), (0, 1, . . . , 0), . . . , (0, 0, . . . , 1)} is a strongly orthonormal Hamel basis 
in the sense of Birkhoff- James in l\(R n ) but not in l co (R n ). 

In l 2 (R 3 ) the set {(1, 0, 0), (0, 1, 0), (0, 1, 1)} is strongly orthogonal relative to (1,0,0) in the sense of Birkhoff- 
James but not relative to(0,l,l). 

In this paper we give another characterization of strictly convex normed linear spaces by using the Hahn- 
Banach theorem and the notion of strongly orthogonal Hamel basis relative to an element in the sense of 
Birkhoff- James, more precisely we explore the relation between the existence of strongly orthogonal Hamel 
basis relative to an element with unit norm in the sense of Birkhoff- James in a normed space and that of 
an extreme point of the unit ball in the space. We also prove that a normed linear space is strictly convex 
iff for each point x of the unit sphere there exists a bounded linear operator A on X which attains its norm 
only at the points of the form Xx with A € Sk ■ 

2 Main Results 

We first obtain a sufficient condition for an element in the unit sphere to be an extreme point of the unit 
ball in an arbitrary normed linear space. 

Theorem 2.1 Let X be a normed linear space and xq G Sx- If there exists a Hamel basis of X containing 
xq which is strongly orthonormal relative to xq in the sense of Birkhoff- James then xq is an extreme point 



Proof. Let D = {x ,x a : a e A} be a strongly orthonormal Hamel basis relative to x in the sense of 
Birkhoff- James. 

If possible suppose xq is not an extreme point of Bx, then x = tz\ + (1 — t)z 2 where < t < 1 and 



ofB x . 



INI = INI = 1- 



So there exists a±, 0:2, . . . ot n hi A such that 
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for some scalars Pj,7j{j = 0, 1, 2, . . . n). 

If /?o = and 7 = then x = tz\ + (1 — t)z 2 implies that 

n 

x a = J2(tp 3 + (1 - t)jj)x aj , 

3=1 

which contradicts the fact that every finite subset of D is linearly independent. So the case (3 = and 
7o = is ruled out. 

If po ^ 0, 70 = then as {x , x ai , x a2 , . . . , x an } is a strongly orthonormal set relative to xo in the sense of 
Birkhoff- James so we get 

l = \\z 1 \\ = \fa\\\x + £%-x aj \\>\l3 \. 
1=1. Po 

Now 

n 

x = tp x + ^2{tPj + (1 - t)lj)x aj 

and so tPo = 1 which is not possible as \(3 \ < 1 and < t < 1. 
Similarly /3 = 0, 70 7^ is also ruled out. 
Thus we have Po 7^ and 70 7^ 0. 

Our claim is that at least one of | Po |, | 70 | must be less than 1. 
If possible suppose | Po |> 1- Then 

n n p 

Wfoxo + V Pjx aj II -I p I ll*o + E tt 3 ^ II >l A> |> 1. 

This contradicts that ||zi|| = 1. Thus | f3 |< 1. Similarly | 70 |< 1. We next show that | po |= 1 and | 70 |= 1 

can not hold simultaneously. 

Casel. X is a real normed linear space. 

Then | f3 \— 1 implies that 

i = ||^|| =\p I IK + E^II > \\x \\, 
3=1 p° 

unless Pi = Vi = 1, 2, . . . n. 

Thus I /?o |= 1 => = /3 a;o z i = ±^0 =>■ %o = z\ = z-i or t = 0, which is not possible. Thus | Po / 1. 
Similarly | 70 7^ 1. 

Case2. X is a complex normed linear space. 
Then \ P |= 1 implies that 

l=||^||=|/3o|||^o + E^H>ll^ll, 
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unless fa = Vi = 1, 2, . . . n. 

Thus | /?o |= 1 =>■ -^l = Aj^o =>• = e* e x , similarly 70 |= 1 => z 2 = e^x . Then x — te l9 x + (1 — 
t)e l ^XQ =>■ x = Z\ = z 2 , which is not possible. Thus /3 |= 1 and | 70 |= 1 can not hold simultaneously. 
So at least one of | /3o |, | 70 | is less than 1. 
Now xo — tz\ + (1 — t)z2 implies 

tp + (1 - i) 7o = 1, t& + (1 - t)7j = V j = 1, 2, . . .n. 

But I (3 \< 1 or j 70 |< 1 implies 

1 =| tf3 + (1 - i) 7o |< t I A) I +(1 - 1) I 70 l< 1, 

which is not possible. 

Thus x is an extreme point of Bx- This completes the proof. 

The converse of the above Theorem is however not always true. If xo is an extreme point of Bx then there 
may or may not exist a strongly orthonormal Hamel basis relative to x in the sense of Birkhoff- James. 

Example 2.2 (i) Consider (R 2 , ||.||) where the unit sphere S is given by S = {(x, y) G R 2 : x = ±1 and — 1 < 
y < 1} U {(x, y) e R 2 : x 2 - 2y + y 2 = and y > 1} U {(x, y) e R 2 : x 2 + 2y + y 2 = and y < -1}. Then 
(1,1) is an extreme point of the unit ball but there exists no strongly orthonormal Hamel basis relative to 
(1, 1) in the sense of Birkhoff- James. 

(ii) Consider (R 2 , ||.||) where the unit sphere S is given by S — {(x,y) E R 2 : x = ±1 and — 1 < y < 
1} U {(x, y) G i? 2 : x 2 + 2y - 3 = and y > 1} U {(x, y) G i? 2 : x 2 - 2y - 3 = and y < -1}. Then (1, 1) is 
an extreme point of the unit ball and {(1, 1), (—1, 1)} is a strongly orthonormal basis relative to (1,1) in the 
sense of Birkhoff- James. 

(Hi) In loo(R 3 ) the extreme points of the unit ball are of the form (±1,±1,±1) and for the extreme point 
(1,1,1) we can find a strongly orthonormal basis relative to (1,1,1) in the sense of Birkhoff- James which is 
{(1,1,1), (1,0,-1), (0,1,-1)}. 



In the first two examples the extreme point (1,1) is such that every neighbourhood of (1,1) contains both 
extreme as well as non-extreme points whereas in the third case the extreme point (1,1,1) is an isolated 
extreme point. 

An element x in the boundary of a convex set S is called an exposed point of S iff there exists a hyperplane 



5 



of support H to S through x such that H OS = {x}. The notion of exposed points can be found in [4,9,10,15]. 
We next prove that if the extreme point x is an exposed point of B x then there exists a Hamel basis of X 
containing x a which is strongly orthonormal relative to x in the sense of Birkhoff- James. 

Theorem 2.3 Let X be a normed linear space and xq G Sx be an exposed point of Bx- Then there exists a 
Hamel basis of X containing xq which is strongly orthonormal relative to x in the sense of Birkhoff- James. 

Proof. As x is an exposed point of Bx so there exists a hyperplane of support H to Bx through x such 
that H fl Bx = {xq}. Then we can find a linear functional f on X such that H = {x G X : f(x) = 1}. Let 
Ho = {x G X : f(x) = 0}. Then H is a subspace of X. Let D — {x a : a G A} be a Hamel basis of H with 
Hxq.II = 1. Clearly {x } U D is a Hamel basis of X. We claim that {x } U D is a strongly orthonormal set 
relative to xq in the sense of Birkhoff- James. 

Consider a finite subset {x ai , x a2 , . . . , x an _ _J of D and let (Ai, A 2 , . . . , A n _i) ^ (0,0,..., 0). Now if z = 
xq + YTjZi ^jXctj then 

n-l 

f(z) = f(x + ) = f( x o) = 1 

3=1 

=> zeH 

^z<£B x , as Hr\B x = {x } 

So \\xo + Y^j=i ^j x aj\\ > 1 = ll^o ||- Thus {x } U D is a Hamel basis containing x which is strongly 
orthonormal relative to xq in the sense of Birkhoff- James. 
This completes the proof. 
We next prove that 

Theorem 2.4 Let X be a normed linear space and x$ G Sx- If there exists a Hamel basis of X containing 
x which is strongly orthonormal relative to x in the sense of Birkhoff- James then there exists a bounded 
invertible linear operator A on X such that \\A\\ = \\Ax \\ > \\Ay\\ for all y in Sx with y ^ Ax , A G Sk- 

Proof. Let {xo, x a : a G A} be a Hamel basis of X which is strongly orthonormal relative to x in the sense 
of Birkhoff- James. 

Define a linear operator A on X by A(x ) = x and A(x a ) — jx a Va G A. 

Clearly A is invertible. Take any z G X such that |z|| = 1. Then z = A x + Y^jZi ^j x aj f° r some scalars 
Aj's and Ao- 

If Ao = then Az — \z and so 

IMM = i > \ = \\Az\\. 

6 



If A 7^ then as {x n ,x a : a G A} is a strongly orthonornial Hamel basis relative to x in the sense of 
Birkhoff- James so we get 



rt-l 

1 = \\ z \\ = \\ x oXo + X i Xa i I' - l A °l' 



Hence we get 



\Az\\ = ||A xo + -y)Aja; Q J| 

1 3 = 1 

1 1 

= \\^{ x ax + Y\jX aj ) + -\ x \\ 



2 

< l = ||Ac ||. 

This proves that \\A\\ < 1. Also \\Az\\ = 1 iff | A |= 1 and Xj = Vj = 1, 2, . . . n - 1. 
Thus ||Az|| = 1 iff z = A x with A £ 5^. This completes the proof. 
We now prove that 

Theorem 2.5 Let X be a normed linear space and x G Sx- If there exists a bounded linear operator 
A : X — > X which attains its norm only at the points of the form Ax with A G Sk then xo is an exposed 
point of Bx ■ 

Proof. Assume without loss of generality that ||A|| = 1 and by the Hahn-Banach theorem there exists 
/ G S x * such that f(A(x a )) = 1. Clearly ||/oA|| = 1 as / G S x > and ||A|| = ||Aa;o|| = 1. If y G S x is such 
that | foA(y) |= 1, then \\Ay\\ = 1. 

Now 1 1 A 1 1 = 1 and A attains its norm only at the points of the form Ax with A G Sk, so y G {Ax : A G Sk}- 
Thus foA attains its norm only at the points of the form Ax with A G Sk- Considering the hyperplanc 
H = {x G X : foA(x) = 1} it is easy to verify that H n Bx — {xq\ and so xq is an exposed point of Bx- 



Thus we obtained complete characterizations of exposed points which is stated clearly in the following 
theorem 

Theorem 2.6 For a normed linear space X and a point x G Sx the following are equivalent : 

1. x is an exposed point of Bx- 

2. There exists a Hamel basis of X containing x which is strongly orthonormal relative to x in the sense of 
Birkhoff- James. 
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3. There exists a bounded linear operator A on X which attains its norm only at the points of the form \x 
with A G Sk- 

We next give a characterization of strictly convex space as follows : 

Theorem 2.7 For a normed linear space X the following are equivalent : 

1. X is strictly convex. 

2. For each x G Sx there exists a Hamel basis of X containing x which is strongly orthonormal relative to 
x in the sense of Birkhoff- James. 

3. For each x G Sx there exists a bounded linear operator A on X which attains its norm only at the points 
of the form \x with A G Sk ■ 

Proof. The proof follows from previous theorem and the fact that a normed linear space X is strictly convex 
iff every element of Sx is an exposed point of Bx ■ 

Remark 2.8 Even though the notions of strong Birkhoff- James orthogonality and Birkhoff- James orthogo- 
nality coincide in Hilbert space they do not characterize Hilbert spaces as (R n , ||.|| p )(l < p < oo,p ^ 2) is 
not a Hilbert space but the notions of strong Birkhoff- James orthogonality and Birkhoff- James orthogonality 
coincide there. 
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